A poset P is called reversible iff every bijective homomorphism f : P → P is an automorphism. Let W and W * denote the classes of well orders and their inverses respectively. We characterize reversibility in the class of posets of the form
Introduction
A relational structure X = X, ρ is called reversible iff X, σ ∼ = X, ρ , whenever σ ρ (that is, iff every bijective endomorphism f : X → X is an automorphism of X). The class of reversible structures contains several relevant classes of structures; for example, linear orders and, more generally, all structures firstorder definable in linear orders by quantifier-free formulas without parameters (i.e., monomorphic or chainable structures) [6] , tournaments, Henson graphs [8] , and Henson digraphs [5] . In addition, reversibility is preserved under some forms of bi-interpretability [5] (but bi-definability, bi-embedability and elementary equivalence do not preserve it in general [6, 7] ) and extreme elements of L ∞ω -definable classes of structures are reversible under certain syntactical restrictions [8] . We also note that reversible structures have the Cantor-Schröder-Bernstein property for condensations (bijective homomorphisms). Namely, writing X c Y iff there is a condensation f : X → Y, we have: if X is a reversible structure, X c Y and Y c X, then Y ∼ = X.
Of course, some (elementary) classes of structures contain both reversible and non-reversible structures; an example is the class of equivalence relations, where reversibility was characterized in [9] . It seems that the corresponding characterization for the class of partial orders is a much more difficult task. In [3] Kukieła initiated the investigation on that topic detecting some subclasses of reversible posets; for example, Boolean lattices and well founded posets with finite levels, and in [4] characterized hereditarily reversible posets (the posets having all substructures reversible). The article [10] contains several equivalents of reversibility in the class of disconnected binary structures. First, it is easy to see that the connectivity components of a reversible structure have to be reversible; more generally we have Fact 1.1 If X i , i ∈ I are pairwise disjoint and connected binary structures, then i∈I X i is reversible iff i∈J X i is reversible for each non-empty set J ⊂ I.
Second, roughly speaking and denoting the order type of the integer line Z by ζ, a structure having reversible components is reversible iff its components can not be "merged" by condensations and each ζ-sequence of condensations between different components must be a sequence of isomorphisms. A consequence of that characterization is the following statement from [10] , which will be used in this article. Denoting by Sym(I) (resp. Sur(I)) the set of all bijections (resp. surjections) f : I → I, we will call a sequence of pairwise disjoint binary structures
Fact 1.2 If L i , i ∈ I, are pairwise disjoint linear orders, then the following conditions are equivalent:
Third, several sufficient conditions for the reversibility of the posets of the form i∈I L i are given in [10] . For example, denoting the bi-embedability relation by ⇄ and defining a linear order L to be Cantor-Schröder-Bernstein (for embeddings), shortly CSB, iff for each linear order L ′ satisfying L ′ ⇄ L we have L ′ ∼ = L (that is, iff [L] ⇄ = [L]∼ = =: otp(L)) we have 4 (2)
If, in addition L i 's are CSB linear orders, then the poset i∈I L i is reversible if
We recall that a scattered linear order L is said to be of a limit type iff L ⇄ s∈S L s , where S ∈ Scatt and L s ∼ = ω or L s ∼ = ω * , for each s ∈ S. For characterizations of such chains see [12] , p. 112. E.g., the linear order L = ωω * + 1 is of a limit type because L ⇄ ωω * but, since L ∼ = ωω * , it is not CSB. Successor ordinals are CSB, but not of a limit type. Limit ordinals are CSB of a limit type.
Let W denote the class of well orders, L the class of well orders isomorphic to limit ordinals, Z the class of linear orders isomorphic to ω θ ω * + ω δ , where θ and δ are ordinals satisfying 1 ≤ θ < δ, and let W * , L * , and Z * be the classes of the inverses of elements of W, L, and Z, respectively. In [11] Laflamme, Pouzet and Woodrow have shown that a scattered linear order is CSB iff it is isomorphic to a finite sum of linear orders from W ∪ W * ∪ Z ∪ Z * . Also, by Theorem 5.4 of [10], Fact 1.4 (a) A linear order is CSB of a limit type iff it is isomorphic to a finite sum of linear orders from L ∪ L * ∪ Z ∪ Z * .
(b) If L i , i ∈ I, are pairwise disjoint CSB linear orders of a limit type, then the poset i∈I L i is reversible iff condition (3) is satisfied.
Thus, in particular, condition (3) is equivalent to reversibility in the class of posets of the form i∈I L i , where L i ∈ L ∪ L * , for all i ∈ I, and in this article we characterize reversibility in the class of posets of the form i∈I L i , where L i ∈ W ∪ W * , for all i ∈ I. In Section 2 we consider the cases when L i ∈ W, for all i ∈ I, or L i ∈ W * , for all i ∈ I, and in Section 3 we observe the general case.
The rest of this section contains additional definitions and basic facts which will be used in the paper. A sequence n i : i ∈ I in N is defined to be a reversible sequence of natural numbers iff
In order to give a characterization of such sequences from [9] we recall that a set K ⊂ N is called independent iff n ∈ K \ {n} , for all n ∈ K, where K \ {n} is the subsemigroup of the semigroup N, + generated by K \ {n}; thus, ∅ is an independent set. By gcd(K) we denote the greatest common divisor of the numbers from K. Defining I m := {i ∈ I : n i = m}, for m ∈ N, by [9] we have
is an independent set and, if K = ∅, then gcd(K) divides at most finitely many elements of the set {n i : i ∈ I}. 6 Let Ord and Lim denote the classes of ordinals and limit ordinals respectively.
Proof. (a) We recall (see [14] , p. 71) that if L = L, < is a linear order and ∼ the equivalence relation on L defined by
Reversible unions of well orders
In the sequel we assume that I is a non-empty set and α i : i ∈ I an I-sequence of nonzero ordinals. For i ∈ I, α i = γ i + n i will be the unique decomposition of α i , where γ i ∈ Lim 0 := Lim ∪{0} and n i ∈ ω.
In addition, we assume that L i , i ∈ I, are pairwise disjoint well orders, where
and, hence, L i ∼ = α i and we consider the poset 6 For example, if I is a non-empty set of any size and ni : i ∈ I ∈ I N, then by Fact 1.5 we have: if K = ∅ (which is possible if |I| ≤ ω), then ni is a reversible sequence; if K = {2, 5}, then ni is a reversible sequence iff the set {ni : i ∈ I} is finite; if K = {4, 10}, then ni is a reversible sequence iff the set {ni : i ∈ I} contains at most finitely many even numbers. P = i∈I L i , which will be denoted by i∈I α i or i∈I γ i + n i , whenever there is no danger of confusion.
Also, we define
and in the sequel prove the following characterization.
Theorem 2.1 i∈I α i is a reversible poset iff exactly one of the following is true
The same holds for the poset i∈I α * i .
linear orders. We prove the contrapositive of the statement. Let the poset P be non-reversible and |I γ | < ω. Then by Fact 1.2 there is f ∈ Sur(I) \ Sym(I) such that for each j ∈ J there is a partition
If
for all j ∈ I \ I γ , and n i : i ∈ I \ I γ is not a reversible sequence. Conversely, if |I γ | ≥ ω, then γ > 0 and, by Fact 1.4(b) i∈Iγ L i is not reversible; so P is not reversible by Fact 1.1.
If n i : i ∈ I \ I γ is not a reversible sequence in N we show that the union i∈I\Iγ L i is not a reversible structure, which will, by Fact 1.1, show that P is not
. By Fact 1.2 the structure i∈I L i is not reversible. ✷ Theorem 2.3 i∈I α i is not reversible iff at least one of the following holds: (⇒) Suppose that the union i∈I α i is not reversible and that (A) fails, that is,
By Fact 1.3 we have K = {α ∈ Ord : |I α | ≥ ω} = ∅ and, by (6) ∀i ∈ I ∀α ∈ K γ i < α,
which implies that there is γ * = max{γ i : i ∈ I} ∈ Lim 0 such that for each i ∈ α∈K I α we have γ i = γ * , that is, α i = γ * + n i . Let A := {α i : i ∈ I ∧ α i < γ * } and let α ξ : ξ < ζ be the increasing enumeration of the set A. Then
is a partition of the set I and, by (6) , |I α ξ | < ω, for ξ < ζ.
By Fact 1.2 there is f ∈ Sur(I) \ Sym(I) such that for each j ∈ I the set α j can be partitioned into copies of
By induction we prove that
If j ∈ I α 0 , then, by (8),
, then by (8) we have α i ≤ α j = α η . The inequality α i < α η would imply that α i = α ξ , for some ξ < η, that is i ∈ I α ξ , and, by the induction hypothesis, j = f (i) ∈ I α ξ , which is false. So, α i = α η and, hence, i ∈ I αη . Thus f −1 [{j}] ⊂ I αη , for all j ∈ I αη , and hence, f −1 [I αη ] ⊂ I αη . Now, as above, we show that f [I αη ] = I αη and (9) is proved.
By (9) and since |I α ξ | < ω, for ξ < ζ, the restrictions f |I α ξ : I α ξ → I α ξ , ξ < ζ, are bijections and, hence, f | ξ<ζ I α ξ : ξ<ζ I α ξ → ξ<ζ I α ξ is a bijection. By (8) , we have that f [J γ * ] ⊂ J γ * , and since f : I → I is a non-injective surjection, we conclude that f |J γ * : J γ * → J γ * is a non-injective surjection. By Fact 1.2 the union i∈J γ * α i is not reversible and, by Lemma 2.2, |I γ * | ≥ ω or the sequence n i : i ∈ J γ * \ I γ * is not reversible. But |I γ * | ≥ ω would imply that γ * ∈ K, which is impossible by (7) . So (B) is true. ✷ Proof of Theorem 2.1. It is evident that conditions (I) and (II) are exclusive. (⇒) Let P := i∈I α i be a reversible poset and suppose that the sequence α i : i ∈ I is not finite-to-one, that is, K = {α ∈ Ord : |I α | ≥ ω} = ∅. By Theorem 2.3 we have ¬ (A) and ¬ (B). Now, as in the proof of Theorem 2.3 we find γ * ∈ Lim 0 such that for each i ∈ α∈K I α we have γ i = γ * , that is, α i = γ * + n i , and γ i ≤ γ * , for all i ∈ I. So γ * = max{γ i : i ∈ I}. By ¬ (A) we have |I α | < ω, for all α ≤ γ * . In addition,
is a partition of the set I and |I α ξ | < ω, for ξ < ζ. So, if J γ * = {i ∈ I : α i ≥ γ * } would be a finite set, then the sequence α i : i ∈ I would be finite-to-one, which contradicts our assumption. Thus |J γ * | ≥ ω, and, since by ¬ (A) we have |I γ * | < ω, it follows that |J γ * \ I γ * | ≥ ω, which, together with ¬ (B) implies that n i : i ∈ J γ * \ I γ * is a reversible sequence.
(⇐) By Fact 1.3, condition (I) implies that the poset P is reversible. Assuming (II) we prove ¬ (A) and ¬ (B). First, if i ∈ I and α ≤ γ i , then, since γ i ≤ γ, by (II) we have |I α | < ω and ¬ (A) is true.
Second, suppose that (B) is true. Then there is γ ′ ∈ Lim 0 , where |J γ ′ \I γ ′ | ≥ ω and the sequence n i : i ∈ J γ ′ \ I γ ′ is not reversible. By Fact 1.5, this sequence is not finite-to-one, which means that there is n ∈ N such that |I γ ′ +n | ≥ ω. By (II) we have γ ′ < γ and, hence, α := γ ′ + n < γ. Now, by (II) again |I α | < ω and we have a contradiction. Thus we have ¬ (B). On the other hand, if
then, by Theorem 2.3, the poset P 1 is not reversible, because it satisfies (A) and the poset P 2 is not reversible, since it satisfies (B).
Remark 2.5 If the "limit part" i∈ γ i of the union i∈I α i is reversible, then i∈I α i is reversible as well. (By Fact 1.4(b) γ i : i ∈ I is a finite-to-one sequence, thus α i : i ∈ I is finite-to-one too and we apply Fact 1.3). 
Unions of well orders and reversed well orders
Clearly {I w * , I f in , I w } is a partition of I. Defining P W := i∈I f in ∪Iw L i and P W * := i∈I f in ∪I w * L i , we see that P W (resp. P W * ) is a disjoint union of well orders (resp. reversed well orders) and the reversibility of these posets is characterized in Theorem 2.1. So, if I w = ∅ or I w * = ∅, Theorem 2.1 applies. (⇐) Assuming that P W and P W * are reversible posets by Theorem 2.1 we have the following cases: Case 1. At least one of the posets P W and P W * satisfies (II). If P W satisfies (II), then γ = max{γ i : i ∈ I w } ≥ ω and for n < ω we have |I n | < ω. According to Fact 1.2, assuming that f ∈ Sur(I) and that for each j ∈ I there exists a partition
we show that f ∈ Sym(I). Let {n k : k < µ} be an increasing enumeration of the set {|L i | : i ∈ I ∧ |L i | < ω}. Clearly we have µ ≤ ω and |I n k | < ω, for all k < µ. Remark 3.3 Clearly, the posets of the form P = i∈I L i , where L i ∈ W, for i ∈ I, are, in fact, trees. Thus, Theorem 2.1 can be understood as a characterization of reversibility in the class of such trees and using it we can construct reversible trees of arbitrary size and height having all levels infinite. We recall that, by [3] , well founded posets with finite levels are reversible.
The posets investigated in this paper are disjoint unions of scattered linear orders and it is natural to ask what is going on when some of L i 's are not scattered. The following example is related to that question. Conversely, if the sequence otp(L i ) : i ∈ ω is not finite-to-one and |I τ | = ω, for some order-type τ , then τ is a scattered type. Let i 0 = 0 and let i k : k ∈ N be a one-to-one sequence in I τ . Let g : L i 1 ֒→ Q = L i 0 . It is easy to see that Q \ g[L i 1 ] is a dense linear order without end-points and, by Cantor's theorem,
by f (i 0 ) = f (i 1 ) = i 0 and f (i k ) = i k−1 , for k ≥ 2, using Fact 1.2 we conclude that the poset k∈ω L i k is not reversible, which by Fact 1.1 implies that P is not reversible too. The claim is proved Of course the statement given above will hold in a slightly more general situation, when we have finitely many countable non-scattered chains, one of them contains a convex copy of Q and all but finitely many scattered components are countable CSB linear orders.
We note that, in particular, the statement holds if the countable scattered L i 's are from W ∪ W * . Then, regarding Theorem 2.1, the "finite-to-one" condition has no alternative (case (II) cannot appear).
Reversible sequences of several things
Here we discuss several concepts of a "reversible sequence" related to this article. First, condition (1) defines a reversible sequence of structures; (4) defines a reversible sequence of natural numbers and, in [9] , more generally, a sequence of non-zero cardinals κ i : i ∈ I is called a reversible sequence of cardinals iff
In addition, defining a sequence of non-zero ordinals α i : i ∈ I to be a reversible sequence of ordinals iff it satisfies (I) or (II) of Theorem 2.1, we have (c) ⇒ (e) Ifκ satisfies (I), then (e) is true. Ifκ satisfies (II), then there is γ = max{γ i : i ∈ I} and the sequence n i : i ∈ J γ \ I γ is not finite-to-one, which implies that |J γ \ I γ | ≥ ω. For i ∈ J γ \ I γ we have γ i = γ = κ i = γ i + n i , which implies that γ = 0. Thusκ ∈ I N and I γ = ∅, which implies that J γ \I γ = I, and, by (II),κ = n i : i ∈ I is a reversible sequence of natural numbers. ✷ Remark 4.2 By [9] , assuming that X i : i ∈ I is a sequence of pairwise disjoint, connected and reversible binary structures which is rich for monomorphisms (RFM), which means that for all i, j ∈ I and each A ∈ [X j ] |X i | there is a monomorphism g : X i → X j such that g[X i ] = A, we have: i∈I X i is reversible ⇔ |X i | : i ∈ I is a reversible sequence of cardinals. (12) In particular, this characterizes reversible equivalence relations and disjoint unions of cardinals ≤ ω. We remark that the equivalence (a) ⇔ (d) of Proposition 4.1 shows that the characterization (12) holds in a class of (sequences of) structures which is larger than the class RFM (for example, ω, ω 1 , ω 2 , ω 3 , . . . ∈ RFM). 
